
Ecole Polytechnique Federale de Lausanne Spring 2024

ME-221
SOLUTIONS FOR PROBLEM SET 5

Problem 1

a) g1(t) = ε(t)− ε(t− 1)

b)

1. ε(t) ∗ ε(t) =
∫∞
−∞ ε(τ)ε(t− τ)dτ

→ For t < 0:
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→ For t ≥ 0:

As a result,

ε(t) ∗ ε(t) = 0 for t < 0

ε(t) ∗ ε(t) =
∫ t

0
1dτ = t for t ≥ 0

2. g1(t) ∗ ε(t) =
∫∞
−∞ g1(τ)ε(t− τ)dτ

→ For t < 0 : g1(τ)ε(t− τ) = 0

→ For 0 ≤ t < 1 :

→ For t ≥ 1 :
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After integration we obtain:

3. g1(t) ∗ g1(t) =
∫∞
−∞ g1(τ)g1(t− τ)dτ

→ For t < 0 : g1(τ)g1(t− τ) = 0

→ For 0 ≤ t < 1 :

→ For 1 ≤ t < 2 :

Page 3



Ecole Polytechnique Federale de Lausanne Spring 2024

→ For t ≥ 2 : g1(τ)g1(t− τ) = 0

After integration, we obtain:

Problem 2

The output of the LTI system is given by y(t) = g(t) ∗ u(t):

y(t) =

∫ t

0

g(t− τ)u(τ)dτ =

∫ t

0

e−(t−τ)e−3τdτ = e−t

∫ t

0

e−2τdτ =

= −1

2
e−t

[
e−2τ

∣∣t
0

]
= −1

2
e−t

[
e−2t − 1] = −1

2
e−3t +

1

2
e−t

Problem 3

The output is the convolution y(t) = g(t) ∗ u(t) = g(t) ∗ ε(t).

→ For t < 0, y(t) = 0

→ For 0 ≤ t < 1, y(t) = t− t2

2

Page 4



Ecole Polytechnique Federale de Lausanne Spring 2024

→ For t ≥ 1, y(t) =
1

2

The output of the system is given by:

y(t) =


0 t < 0

t− t2

2
0 ≤ t < 1

1

2
t ≥ 1
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Problem 4

The impulse response of the system can be calculated from the unit step response of the
same system by differentiation:

g(t) =
ds(t)

dt

The unit step response is given by s(t) = (1 − e−4t)ε(t) and, thus, g(t) = 4e−4tε(t). To
be more specific:

g(t) = δ(t) + 4e−4tε(t)− e−4tδ(t) = 4e−4tε(t)

where e−4tδ(t) = δ(t), because of property: f(x)δ(x− a) = f(a)δ(x− a), in this case a = 0.

The input is given by u(t) = ε(t− 1)− ε(t− 2).

The output of the LTI system is given by y(t) = g(t) ∗ u(t):

y(t) =

∫ t

0

g(t− τ)u(τ)dτ = 4

∫ t

0

e−4(t−τ)ε(τ − 1)dτ − 4

∫ t

0

e−4(t−τ)ε(τ − 2)dτ

→ For t < 1, y(t) = 0 as both ε(τ − 1) and ε(τ − 2) terms are zero.

→ For 1 ≤ t < 2, ε(τ − 2) = 0 but ε(τ − 1) = 1. Thus,

y(t) = 4

∫ t

1

e−4(t−τ)ε(τ − 1)dτ = 1− e4−4t

→ For t ≥ 2, both ε(τ − 2) and ε(τ − 2) are unity. Thus,

y(t) = 4

∫ 2

1

e−4(t−τ)dτ = e−4t(e8 − e4)

There is an alternative solution to this problem. Given the input u(t), which is the sum
of two time-delayed step functions:

u1(t) = ε(t− 1)

u2(t) = ε(t− 2)

u(t) = ε(t− 1)− ε(t− 2) = u1(t)− u2(t)

and the unit step response (the output of the system to an undelayed step input) :

s(t) =
(
1− e−4t

)
ε(t)
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Using the linearity property of the convolution operator, we will get that the total re-
sponse to the input is the sum of the two delayed step responses:

y1(t) = s(t− 1)ε(t− 1)

y2(t) = s(t− 2)ε(t− 2)

y(t) = y1(t)− y2(t)

= s(t− 1)ε(t− 1)− s(t− 2)ε(t− 2)

= (1− e−4(t−1))ε(t− 1)− (1− e−4(t−2))ε(t− 2)

Analyzing the conditions:

y(t) =


0, t < 1

1− e4−4t, 1 ≤ t < 2

e−4t (e8 − e4) , t ≥ 2

(1)
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